In this work decay estimates are derived for the solutions of 1-D linear parabolic PDEs with disturbances at both boundaries and distributed disturbances. The decay estimates are given in the 2 L and 1 H norms of the solution and discontinuous disturbances are allowed. Although an eigenfunction expansion for the solution is exploited for the proof of the decay estimates, the estimates do not require knowledge of the eigenvalues and the eigenfunctions of the corresponding Sturm-Liouville operator. Examples show that the obtained results can be applied for the stability analysis of parabolic PDEs with nonlocal terms.
Introduction
The derivation of decay estimates for the solution of parabolic Partial Differential Equations (PDEs) is a challenging topic, which has attracted the interest of many researchers (see [10, 14, 15, 36, 39, 40, 41, 44, 48] ). The main tool for the derivation of decay estimates is the combination of maximum principles and the so-called "energy" method, i.e., the use of an appropriate functional, which satisfies certain differential inequalities that allow the estimation of the decay rate of the solution. Usually, decay estimates are obtained for systems which do not include time-varying disturbances in the PDE problem.
Recently, the derivation of decay estimates for parabolic PDEs with disturbances was studied by many researchers working mostly in mathematical control theory. Decay estimates for systems with disturbances are related to the Input-to-State Stability (ISS) property (first developed by E. D. Sontag in [47] for systems described by Ordinary Differential Equations-ODEs). The intense interest of researchers in control theory in ISS is justified because: (a) control systems are systems with inputs, and (b) because ISS can be used for the stability analysis by means of small-gain theorems (see Chapter 5 in [19] and references therein). The extension of ISS to systems described by PDEs required novel mathematical tools and approaches (see for example [1, 4, 5, 6, 7, 16, 17, 18, 20, 26, 29, 30, 31, 32, 43] ).
In particular, for PDE systems there are two qualitatively distinct locations where a disturbance can appear: the domain (a distributed disturbance appearing in the PDE) and the boundary (a disturbance that appears in the Boundary Conditions-BCs). Most of the existing results in the literature deal with distributed disturbances. Boundary disturbances present a major challenge, because the transformation of the boundary disturbance to a distributed disturbance leads to decay estimates involving the boundary disturbance and some of its time derivatives (see for example [1] ). This is explained by the use of unbounded operators for the expression of the effect of the boundary disturbance (see the relevant discussion in [29] for inputs in infinite-dimensional systems that are expressed by means of unbounded linear operators). Moreover, although the construction of Lyapunov and "energy" functionals for PDEs has progressed significantly during the last years (see for example [2, 27, 28, 30, 33, 39, 40, 41, 43, 44] ), none of the proposed Lyapunov functionals can be used for the derivation of the ISS property w.r.t. boundary disturbances. Therefore, the "energy" method cannot provide decay estimates for parabolic PDEs with boundary disturbances. On the other hand, it should be noted that Reaction-Diffusion PDEs with boundary disturbances arise naturally when studying heat and mass transfer phenomena, where flux disturbances appear at the boundaries and the reaction terms are the result of chemical reactions. Parabolic PDEs with boundary disturbances appear also in fluid dynamics (e.g., Navier-Stokes) where boundary/wall disturbances occur naturally in various flow problems.
The recent articles [21, 22, 23] suggested methodologies for the derivation of decay estimates for 1-D parabolic PDEs with boundary and domain disturbances. Two different methodologies were used in [21, 22, 23] : the eigenfunction expansion of the solution and the approximation of the solution by means of finite-difference schemes. The obtained ISS estimates were expressed in weighted regularity for distributed disturbances) and it was shown that such estimates can be used in a straightforward way for the derivation of decay estimates for parabolic PDEs with nonlocal terms. The interest for the stability analysis of parabolic PDEs with nonlocal terms is strong, both from the PDE literature as well as from the numerical analysis literature (see [8, 9, 11, 12, 13, 25, 37, 38] ). However, recent advances in feedback control of PDEs has forced the control literature to deal with PDEs containing nonlocal terms. This happened because the feedback law itself is a functional of the solution of the PDE and appears as a nonlocal term either in the BC or in the PDE (see [24, 45, 46] and references therein).
This paper focuses on 1-D parabolic PDEs with disturbances acting on both boundary sides and distributed disturbances. The contribution of the paper is threefold:
 the derivation of decay estimates in the 2 L norm for discontinuous disturbances,  the derivation of decay estimates in the 1 H norm for certain cases, and  the application of the obtained decay estimates to the stability analysis of parabolic PDEs with nonlocal terms. More specifically, our first main result (Theorem 2.4) extends recent results (in [21, 22, 23] ) to various directions: discontinuous boundary and domain disturbances can be handled and the obtained decay estimate is less conservative from the corresponding estimates in [21, 22, 23] . The derivation of decay estimates in the 1 H norm (Theorem 2.8 and Theorem 2.9) is achieved for two cases: (a) the case of Dirichlet BCs at both end, and (b) the case of Dirichlet BC on the one end and Robin (or Neumann) BC on the other end. The obtained decay estimates involve the estimation of the principal eigenvalue of a Sturm-Liouville (SL) operator. To this purpose, we develop tools which allow the estimation of the principal eigenvalue (Proposition 2.6).
The structure of the paper is as follows. Section 2 is devoted to the presentation of the problem and the statement of the main results which allow the derivation of decay estimates in various norms (Theorem 2.4, Theorem 2.8 and Theorem 2.9). The application of the obtained decay estimates to the stability analysis of parabolic PDEs with nonlocal terms is illustrated in Section 3. The examples show the exploitation of the decay estimates for the derivation of small-gain conditions for global exponential stability of the zero solution. Section 4 of the present work contains the proofs of all (main and auxiliary) results. The conclusions of the paper are provided in Section 5.
Notation. Throughout this paper, we adopt the following notation. 
Main Results
Consider the Sturm-Liouville (SL) operator . It is well-known (Chapter 11 in [3] and pages 498-505 in [34] ) that all eigenvalues of the SL operator
, defined by (2.1), (2.2) are real. The eigenvalues form an infinite, increasing sequence 
. Moreover, the eigenfunctions form an orthonormal basis of
In the present work, we use the following assumption for the SL operator It is important to notice that the validity of Assumption (H) can be verified without knowledge of eigenvalues and the eigenfunctions of the SL operator A (see [35] ).
We next consider the following system 
In what follows, for any given
, the mapping
, and (2.6), (2.7), is called the (unique) solution of the evolution equation (2.4) with (2.5) and initial condition 
is called Exponentially Stable (ES) if
Our second main result provides decay estimates of the solution of (2.4), (2.5) in the norm of
Theorem 2.4: Suppose that the SL operator
) 1 , 0 ( : 2 r L D A  defined by (2.1), (2.
2) is ES. Then for every
, the unique solution 
of the evolution equation (2.4) with (2.5) and initial condition
is the unique solution of the boundary value problem
is the unique solution of the boundary value problem 
allows positive values for  . The difference is important, because Theorem 2.4 provides a "fading memory estimate" (see [19] ), which can be directly used for small-gain analysis. The term describing the effect of the initial condition in (2.8) 
Then the operator
In order to obtain decay estimates in the 1 H norm we need to focus our attention to more specific cases. The following result provides decay estimates for the Dirichlet case in the 2 L norm of the solution as well as in the 2 L norm of the spatial derivative of the solution.
Theorem 2.7 (Dirichlet BCs-no boundary disturbances):
Consider the SL operator
. Then for every
being of class GB , the unique solution 
, under Assumption (H). The "derived operator" of A is the SL operator
is the set of all functions
Theorem 2.9 (Dirichlet BC at 0 with no boundary disturbance-Robin BC at 1 with boundary disturbance): Suppose that the SL operator
and its derived operator (2.19) , (2.20) 
is the solution of the boundary value problem
The proofs of Theorem 2.8 and Theorem 2.9 rely on the following technical results, which are of independent interest. Both results show that the spatial derivative of the solution of the evolution equation (2.4) with (2.5) is determined by solving a specific evolution equation with specific boundary disturbances (even if boundary disturbances were absent in the original evolution equation (2.4), (2.5)).
Proposition 2.11: Consider the SL operator
being of class GB , be given functions. Consider the solution
and initial condition
with initial condition
Then the following equations hold for all
] 1 , 0 [ ) , (     x t : ) , ( ) , ( x t x u x t v    (2.25) 0 ) , ( 1 0   dx x t v (2.26)
Proposition 2.12: Consider the SL operator
. Suppose that the SL operator
defined by (2.19) , (2.20 
), satisfies assumption (H). Let
of the evolution equation (2.4) with (2.5),
. Then the following equation holds for all
The following example shows how easily the obtained results can be applied to the study of heat transfer phenomena. 
Applying Newton's law of cooling and Fourier's law of heat conduction, we get , we obtain the following evolution problem: 
we get the following evolution problem: 
The goal is the estimation of the effect of the disturbance
to the temperature profile of the bar. The evolution of u may be studied using the results in [21, 22, 23] . In this case, we obtain estimates for initial conditions
be the unique solution of the equation
. It follows from Theorem 2.3 in [23] or Theorem 2.2 in [22] (by performing all relevant computations) that the following estimate holds for all
and notice that Assumption (H4) in [23] holds with
It follows from Theorem 2.2 in [23] that the following estimate holds for all
Applying the results of the present work, we get different results. Theorem 2.4 can be applied to initial conditions
and provides the following estimate which holds for all
This estimate should be compared with estimate (2.38). Moreover, by performing all relevant computations, we can verify that Theorem 2.9 can be also applied. Using Theorem 2.9 and Remark 2.10, we are in a position to conclude that for initial conditions 
Applications to 1-D Nonlocal Parabolic PDEs
This section provides two examples of 1-D parabolic PDEs with nonlocal terms. The nonlocal terms may appear either in the BCs or in the PDE. We are not dealing with existence/uniqueness issues for the PDEs; instead we show how the main results of the present work can be used directly in order to derive exponential stability estimates for the solution. and consider the system
with nonlocal BCs
are given functions. Here we are not concerned with existence/uniqueness questions for problem (3.1), (3.2) but rather we assume that
satisfy appropriate conditions so that there exists a set 
Our aim is to provide conditions for exponential stability of system (3.1), (3.2) . More specifically, we show that if 
In order to prove the decay estimate (3.5), we first study an auxiliary problem. We consider the solution ]
[t u of (3.1) with
The corresponding SL operator
, it follows that
is an ES operator. Its derived operator
is an ES operator. It follows from Theorem 2.9 and Remark 2.10 that for every
of the evolution equation (3.1) with (3.6) and initial condition 
is the solution of the boundary value problem 
Next, we notice that the solution of (3.1), (3.2) coincides with the solution of (3.1), (3.6) when
. Consequently, estimates (3.9), (3.10) hold for all 
. It follows from the Cauchy-Schwarz inequality that
Combining (3.9), (3.10) and (3.12), we get for all
Since (3.11) holds, we get from (3.13) for all 
The decay estimate (3.5) with appropriate constant 0  M is a direct consequence of estimates (3.15), (3.16). 
where
is a given function with Dirichlet BCs
Here, again, we are not concerned with existence/uniqueness questions for problem (3.17), (3.18) but rather we assume that 
is of class GD . Our aim is to provide sufficient conditions for exponential stability of system (3.17), (3.18 
In order to prove the decay estimate (3.20), we first study an auxiliary problem. We consider the solution
with (3.18),
being of class GB . It follows from Theorem 2.8 that for every 
Next, we notice that the solution of (3.17), (3.18) 
Proofs of Main Results
The proof of Theorem 2.2 requires some technical results. The first two technical results provide a classical solution for a particular parabolic initial-boundary value problem. 
Proof: Without loss of generality we assume that Define:
Since the mapping
, it follows from Theorem 11.2.4 in [3] , that the following equation holds:
Moreover, notice that the Cauchy-Schwarz inequality, in conjunction with the fact that
) and the fact that the mapping
is continuous, implies the following relations:
Notice that since the mapping 
Since the Green's function of the SL operator
C function on each one of the triangles 
, it follows that there exists a constant
, which holds for all
, in conjunction with the fact that 
The above inequalities in conjunction with (4.13), (4.14) and (4. n n n n r n t t n n n n n n t n n n n n n t t n n n n n n t n n n n n n n n n t n n n n n n
The above inequalities in conjunction with (4.3) indicate that for every The above inequality shows that the mapping
and satisfies the following equations for all .28) 
be right continuous functions, 2 C functions on
and all left limits of
, there exists a unique function
for which the mapping
Proof:
First, we extend
and similarly for 
where , there exists a unique function
Notice that continuity of
Moreover, (4.34) and definitions (4.33), (4.36) guarantee that
. All rest conclusions are consequences of (4.35) and definitions (4.33), (4.36). The proof is complete. , are 1 C on I . By virtue of (2.6), it follows from repeated integration by parts, that the following equalities hold for all
Thus we get for all
It follows from (4.39), the fact that
and definition (4.38) that the following equation holds for all
Proceeding exactly as in the proof of Theorem 2.3 in [23] , it can be shown that for all I t  and ,... 2 , 1  n the following equalities hold:
Using (4.40), (4.41) and (4.41), we obtain for all
Integrating the differential equations (4.43), we obtain (4.37) for all 
is the solution of the evolution equation (2.4) with (2.5), initial condition 0 0  u and corresponding to inputs 
1) Estimate for
We obtain from (4.37) for all 2) Estimate for
We obtain from (4.37) for all Therefore, by virtue of (4.55), (4.56), the following estimate holds for all 
Using the Cauchy-Schwarz inequality and (4.63) we obtain for all
Combining (4.61), (4.62) and (4.64) we obtain for all 
, we obtain from (2.1) for all 
Using (2.2), (2.11), (2.14), (2.15) , it follows that for all D f  the following inequalities hold:
The above inequalities in conjunction with (4.77) imply that (4.68) holds for all 
, and 
It is straightforward (using (2.26), (4.78), (4.79) and definition (4.81)) to verify that The SL operator
being the set of all functions
A satisfies assumption (H) but it is not necessarily an ES operator. Consequently, we cannot use Theorem 2.4 to system (2.23), (2.24) . However, we are in a position to prove (exactly as in the proof of Theorem 2.4) the following claim. Its proof is omitted, since it is identical to that in the proof of Theorem 2.4 and the only additional thing is the use of (2.26). , the following equations hold for all 
Claim: For every solution
, form an orthonormal basis of It follows from (4.92) that the following inequality holds for all
Using the Cauchy-Schwarz inequality and (4.95) we obtain for all
be a function for which the mapping
is continuous and for which there exists a finite set . The proof is complete.

We are now in a position to prove Theorem 2.9.
Proof of Theorem 2.9: Theorem 2.4 implies that for every , we obtain the following inequalities:
  
Conclusions
In this work ISS estimates were derived for the solutions of 1-D linear parabolic PDEs with disturbances at both boundaries and distributed disturbances. The decay estimates were expressed in the 2 L and 1 H norms of the solution and discontinuous disturbances are allowed. The obtained estimates do not require knowledge of the eigenvalues and the eigenfunctions of the corresponding Sturm-Liouville operator and can be applied in a straightforward way for the stability analysis of parabolic PDEs with nonlocal terms.
Future work may include the study of necessary conditions for ISS in the 1 H norm of the state. While Theorem 2.7 provides necessary and sufficient conditions for ISS, this is not the case with Theorem 2.9, where only sufficient conditions for ISS are provided. Finally, novel results will be needed for the derivation of ISS estimates in the 2 H norm of the state.
